LOCAL COHOMOLOGY OF GENERALIZED OKAMOTO PAINLEVE PAIRS 

AND PAINLEVE EQUATIONS 



HITOMI TERAJIMA 



Abstract. In the theory of deformation of Okamoto-Painleve pair (S, Y), a local cohomology 
group H^(Qs(— logD)) plays an important role. In this paper, we estimate the local cohomol- 
ogy group of pair (S,Y) for several types, and obtain the following results. For a pair (S,Y) 
corresponding to the space of initial conditions of the Painleve equations, we show that the local 
cohomology group (Ss( — log D)) is at least 1 dimensional. This fact is the key to understand 
Painleve equation related to (5, Y). Moreover we show that, for the pairs (S, Y) of type As, the 
local cohomology group (©s(— log D)) vanish. Therefore in this case, there is no differential 
equation on S — Y in the sense of the theory. 



1. Introduction 

To study the spaces of initial conditions of Painleve equations constructed by Okamoto ]Q1 



)2| [03], we introduced the notion of generalized Okamoto-Painleve pair (S,Y) in [STT]. This is 
a pair of a complex projective surface S and an anti-canonical divisor Y G | — Ks\ of S satisfying 
the following conditions: For the irreducible decomposition Y — X)i=i m i^i; one nas Y ■ Yi = 
degY\Y { — for 1 < i < r. In addition, if S is a rational surface, (S,Y) is called a generalized 
rational Okamoto-Painleve pair. 

The generalized rational Okamoto-Painleve pairs of non-fibered type are classified into three 
types; elliptic, multiplicative and additive. Moreover, the generalized rational Okamoto-Painleve 
pairs of additive type such that D :— Y re( i — Y7i=i Y ^ s a divisor with only normal crossings 
correspond to the spaces of initial conditions of the Painleve equations (cf. [ 5TT | | Bakai | ) as 
follows: 



type of (S,Y) 


^8 


E 7 


D S 


D 7 




E 6 


D 5 


Da 


Painleve equations 


Pi 


Pn 


pDs 
r III 


r>Dl 
r III 


Pttt — P® & 


Piv 


Pv 


Pvi 



In what follows, (S, Y) is a generalized rational Okamoto-Painleve pair of non-fibered type 
satisfying the condition: D = Y rec i is a normal crossing divisor with at least two irreducible 
components so that all irreducible components of Y re d are smooth rational curves. Let ©s(— log D) 
be the sheaf of regular vector fields which have logarithmic zero along D. Here and after, all sheaves 
of C?s-modules are considered in algebraic category. 
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Then we have the following key exact sequence: 

-> HKQsi- log D)) H\S, G s (- logD)) r A s F 1 ^ - D, 9 S (- logD)), 

where H 1 (S, Os(— logD)) and H 1 (S — D, ®s(~ logD)) are the space of infinitesimal deformations 
of the pair (S 1 , Y) (cf. [Kaw|) and the space of infinitesimal deformations of S — Y, respectively. 
In |TTj, we show that the directions corresponding to local cohomology Hp(<ds(— logD)) in the 
deformation of a pair (5, Y) induce differential equations on S — Y, by generalizing the Kodaira- 
Spencer theory to the open surface S — Y. 
In this paper, we will show 

dimff£(e s (-logZ>)) > 1, 

when (S,Y) is of additive type with the normal crossing divisor D — Y re d (Theorem 2.1). This 
result is natural since S — Y corresponds to the space of initial conditions of the Painleve equations 
in this case. On the other hand, this is not always the case. In fact, we will prove that 

ffi>(e s (- log £>)) = {()}, 



for pairs (S, Y) of type As which is classified as a multiplicative type (Proposition 4.1 
that there does not exist differential equation on S 



This means 



Y by the way above. All these computations 
are carried out through calculations of Cech cohomologies by taking a coordinate system explicitly. 



2. Local cohomology sequences and Time variables 

Let (S, Y) be a generalized rational Okamoto-Painleve pair and set D = Y re d- Moreover, in this 
section, we assume that 

1. (S,Y) is of non-fibered type and 

2. Y re d is a simple normal crossing divisor with at least two irreducible components, i.e. (r > 2) 
so that all irreducible components of Y re d are smooth rational curves. 

Here (5, Y) is called of fibered type if S has a structure of an elliptic surfacefibration / : S — » P 1 
with /*(oo) = nY for some n > 1. If (S, Y) is not of fibered type, we call (S,Y) of non-fibered 
type. (cf. Definition 1.3, |STT| ). 

In what follows, Os and Os-d denote the sheaves of germs of algebraic regular functions on S 
and S — D respectively. Moreover all sheaves of Os-modules are considered in algebraic category 
unless otherwise stated. Let us consider the following exact sequence of local cohomology groups 
([Corollary 1.9, [Gr]]) 

H (S,Q s (-\ogD)) -> H a (S-D,Q s (-logD)) -> Hh (9 S (- logD)) -» 
F 1 (5,e 5 (-logD)) A H^S-D^Qsi-logD)). 



Since (S 1 , Y) is of non-fibered type, from [(2), Proposition 2.1 [STT|], we see that 

H°(S - D, Q s (- log £>)) =H°(S- D, Q s ) = {0}. 
Hence we have the following exact sequence: 

ffi(e s (-iog£>)) -> J ff 1 (^e s (-io gJ D)) A i/ 1 (^-D,e s (-io gJ D)). (i) 
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The following theorem is the main statement in this paper. 

Theorem 2.1. Let (S,Y) be a generalized rational Okamoto-F 'ainleve pair (S,Y) with the condi- 
tion above. Moreover assume that D = Y rec i is of additive type. Then we have 

dhnH°(D,Q s (-logD) <g> N D ) = 1. 

Here we put N D = O s (D)/O s . 
Since we have a natural inclusion 

H°(D,Q s (-\ogD)®N D ) Hh(e s (-logD)), 

we obtain 

diml^(es(- log £>)) > I- 

This theorem plays an important role to understand the Painlcvc equation related to (S, Y).(cf. 
pTT |). Though we will not investigate the further structure of local cohomology here. Instead, 



we propose the following 



Conjecture 2.1. Under the same notation and assumption as in Theorem 2.1, 
IT* (e s (-log£>)) ~ H° {D,G S {- log D) ® N D ) ~ C. 

From the exact sequence (Q), we see that the subspace -ff^S', 6s (— log!?)) of H 1 ^, @s(— log-D)) 
coincides with the kernel of fi. This implies that: 

H 1 (S O f 1 D)) I Infinitesimal deformations of (S,D) whose restriction 
d{ i ~ s{ °g )) - \ to S — D induces the trivial deformation 



In [§6 |STT |], we show that any direction corresponding to a non-zero element of the local 
cohomology group H^S, 6s(— logD)) induces a differential equation (at least locally) by using 
Cech coboundaries. 

At this moment, we can not prove Conjecture |2.l| with full generality. However, we see that the 
one dimensional vector subspace H 1 ^, Q s (- logD)®N D ) of ffj,(9s(- logD)) c H 1 (Q S (- log-D)) 
really corresponds to the time variable t in the known Painleve equation. It is unlikely that we 



will have more time variables, so this gives an evidence of Conjecture 2.1 



Remark 2.1. We will consider (S, Y) of multiplicative type later, where the situation is different. 



(cf. Proposition 4.1) 



Let us make preparations for the proof of Theorem 2.1 . 
Recall that 

Hh(S, 9 S (- logD)) = ljmExt 1 ^, 9 S (- log-D)) 
where O nD = O s /O s (-nD) (cf. [Theorem 2.8, [Gr]]). 

On the other hand, since Os(— log-D) is a locally free Os-module, we see that 

Hom(O nD ,e s (~ log D)) = 0, 

and 

£ xt 1 (O nD , Q s (- log D)) = S (- log D) <g> N nD , 
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where N n o = Os{nD)/Os. By an argument using a spectral sequence, we see that 

Hj 3 (S,Q s (-logD))=]imH (Q s (-logD)®N nD ). 
Hence we have a natural inclusion 

H°(Q S (- logD) ® N D ) e s (-log£>)). 



Lemma 2.1. Lei (S, Y) be a generalized rational Okamoto-Painleve pair as above and set D 
Y re d- Then we have the following exact sequences : 







<d D ®N D 



o— ^^(©^JVyj/s) — »e s (-iogi?)®jvi, — ►ej,®^ 



o, 



0. 



(2) 
(3) 



-ffere ©£> denotes the tangent sheaf of D and v : D — JJ i=1 1^ — > I? £/ie normalization map. 



Proof. The first exact sequence (g) follows from [(1.9), [B-W]] 
Let us consider the following diagram: 





I 

e s (-io g D) 

i 

i 

i 





— ► e s (-Iog£>)®O s (D) 

I 

— ► e s ® o s (i>) 
I 

I 
o 



ker A 

4 

e s (-iogD)®iVb 

I A 

I 

coker A 

I 




By the snake lemma, we obtain the exact sequence 

— > ker A — ► J/*(©j =1 AV ( /s) z/»(©- =1 AV;/s) ® iVn — > coker A — ► 0. 

From a local consideration, we see that the map /i is a zero map, hence 

ker A ~ v^(® r i=1 N Yi/ s ), and v*{® r i=1 N Y/s ) ®N D ~ coker A. 

Moreover since Im A ~ ker[9s <8> No — * l '*(®i=i^Y i /s) ®Nd], from the exact sequence 
obtain the exact sequence (||). 

Note that since N Yi /s — Oy 4 (— 2), we have 

H°m =1 N Y/s ) = W, H\®UN Yi /s) * C r . 
Moreover one can easily see that 

e D ~ iy t (® r i=l e Yi (-ti)) ^ M(®i =1 o Yi {2 - u)) 



we 
□ 
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where U is the number of intersections of Yi with the other Yj. On the other hand, since D-Yi — U—2 



and v is a finite morphism, we see that 



h°(d, e D ® n d ) ~ h°{d, ^(©r =1 ey 4 (-ti)) ® jv d ) 
~ (etiQy* (-*<)) ® f*(JVb)) 



Proof of Theorem 2A . 

From the exact sequence (Q), one can obtain 

H°(® r i=1 N Yi/s ) — > ff (e s (-lo gj D) ® JVb) — > ^°(e c ® JVd) ^(©UiV^/s) 

where <5 denotes the connected homomorphism. 

From this sequence, the connecting homomorphism S 

5 : H°(G D ® A^d) — > ©Li^^/s) 

can be identified with a linear map <5 : C r — ► C r and we have an isomorphism 

H°(D,& s (-logD) ® N D ) ~ker<5. 

Now we state the following proposition, the proof of which is given in §|^. 

Proposition 2.1. Let (S,Y) be a generalized rational Okamoto-Painleve pair of additive type 
and set D = Y re( i- Assume that D is a normal crossing divisor, then we can choose a basis of 
H°(Q D <g> N D ) and <&V =1 H 1 (N Yi ) so that the linear map 6 : H°(e D <8> N D ) -> ®^ =1 H 1 (N Yi ) «s 
represented by the intersection matrix ((Yi ■ Yj))i<i,j< r with respect to these basis. 

In this case, it is well-known that the rank of the intersection matrix ((Yi ■ Yj))i<ij< r is r — 1. 
Hence from the Proposition 2.1, we have 

dime H°(e s (~logD) <g> N D ) = dim c ker(5 = 1. 

□ 



3. Proof of Proposition 



2.1 



In this section, we shall prove Proposition 2.1 



Here we give a detailed proof only for the case of £7. The proof of other cases are similar. 
Let (S, Y) be a generalized rational Okamoto-Painleve pair of type E-j. Then according to the 
results in Appendix B of [ 5akai[ , (S 1 , Y) can be obtained by blowings up 9-points of P 2 as follows. 
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Let [x : y : z] be the homogeneous coordinates of P 2 . 




P, : (0 : 1 : 0) ~ „ : (£. i) - (0, 0) ~ „ : (|, . ,0,0) ~ * : (j, *) - (0. 1) ~ 

» : (? - (o '°» - » : {y 2 ^^) - <»■ -> - 

P9 • ^ J = (0, -Oo), 

p 4 : (0 : : 1), 
P5 : (0 : ai : 1). 

Note that there exist three deformation parameters (ao,ai,s) of the blowings- up. Moreover 
there exists a C x -action on the family of surfaces by 

(H, (a ,Q!i;s, [x:y: z])) i-> (^ 3 ao, [/?ai,(/, 2 s; [x : fiy : H~ 2 z]). 

If we set A = a + ai and /j, = s/A, then 

s 3 s 3 a s 3 ai sy A 2 z 

* = ^j, «o = 01 - -^3-,-* = r = — . ^ = — 

are invariant under the C x -action, and we have the relation 



a + ai = t. 



Now we can introduce the affine open covering of S and afhne coordinates by the explicit 
blowings- up of P 2 . The following diagram shows how one can perform blowing-ups and introduce 
the new coordinates (xj, j/j) (1 < i < 13), (uj,Vj) (j — 14, 15, 16). 
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2/7 



2/8 1 



Y 7 

#10 



J/10T J/11 



Vl6 pi 2/13 
2/12 



2/9 



x 8 
-> — 

#9 



#13 



#12 



^8 



X 7 



2/6 i 



F 4 



*5 



x 6 



2/5 

— «— 



*3 
2/4, 



'x 5 



2/3 



T 



1 ^ = _ h 

Y; ~ P 1 , K 2 = -2. 



X 4 



*1 



2/2 



?7i 



#3 



£"2 



\-Ul5 



X 2 V15 



U14 



£l 771 «14 



c/ 4 
u 13 



SpecC^i.yJ = C 2 (* = 1,2,--- ,7) 
1 

X8,2/8 



SpecC 
SpecC 
SpecC 
SpecC 
SpecC 
SpecC 



1 + X 8 
1 



Xg,2/9 



' 1 + Xg 2 yg 
1 



#10,2/10 
#11,2/11, 
#12,2/12, 

#13,2/13, 



' 1 + #io2/io 2 



1 - *2/l2 2 + #122/12 3 



C 2 -{l + x 8 = 0}. 
- C 2 -{l + x 9 2 2/9 = 0}. 

= C 2 -{l + x 10 2/io 2 = 0}. 

= C 2 -{l-teii 2 yii 2 + a;ii 3 2 /ii 2 = 0}. 
C 2 -{l-ty 12 2 +x 12 y 12 3 = 0}. 



1 



1 - txii 2 yn 2 + a;ii 3 2/n 2 
1 



1 



[7i6 = Spec C 



-1 + tei3 2 2/i3 2 + a xi3 3 2/i 3 3 - Xi3 4 2/i3 3 
C 2 - {-1 + tx 13 2 y 13 2 + a xi 3 3 y 13 3 - x 13 4 y 13 3 = 0}. 

SpecC [uj,Vj] = C 2 (-7 = 14,15). 

1 



"16, «16, 



C - {-1 + tu 16 + a a uf 6 - u 16 v 3 = 



1 + tu\ 6 + a ul 6 - M 4 6 wi 6 . 
Yi = {si = 0,x 2 = 0,2/3 = 0}, F 2 = {x 3 = 0,y 4 = 0}, 

r 3 = {x A = 0,275 - o}, r 4 = {# 5 = o,2/ 6 = o,y 8 = o}, 

Y 5 = {x 6 = 0,2/7 = 0}, r 6 = {a; 8 = 0,2/9 = 0}, 

F 7 = {x 9 = 0, 2/10 = 0, 2/11 = 0}, F 8 = {x u = 0, 2/12 = 0, 2/13 = 0}. 
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16 

S=\JUi. 



Y = Y 1 + 2Y 2 + 3Y 3 + m + 2Y 5 + 3Y 6 + 2Y 7 + Y S , D = ^ Y t . 
S - Y = U u U U 1B U U 16 . 



i=i 



More explicitly, new coordinates can be given by the following formula 





X 


Xi = 




Y 




Y 


yi = 


~Z 




Z 


Xi = 




X 




X 2 


2/4 = 


YZ 




Y 

X7 = x 
z 

V7 = x 



Y 2 Z- X 3 



x& = 

y& = 



x 3 
x 4 



Y(Y 2 Z~X 3 ) 



Y 2 (Y 2 Z-X 3 ) 

XW = X* 

X 

2/10 = y 

Y(Y 2 (Y 2 Z -X 3 )+tX l 



x 3 = 



Y 
X 



2/3 



Y 2 Z 

~X 3 ~ 
X 



X9 



2/9 



212 

X 

2/12 = y 

X 

~Z 

Y 

vu = x 



X 6 

"15 = 
"15 



V 

~z 

Y — a\Z 



ye = y 



_ Y{Y 2 Z-X 3 ) 
X 5 

Y 2 (Y 2 Z-X 3 ) 
Y 2 (Y 2 Z -X 3 )+tX 5 

*» = *5 

X^ 

Y(Y 2 (Y 2 Z - X 3 ) +tX 5 ) 
Y(Y 2 (Y 2 Z - X 3 ) + tX 5 ) + a X 6 

X® 

X? 

Y(Y{Y 2 (Y 2 Z - X 3 ) + tX 5 ) + a X e ) 
X 

uie - y 

Y(Y(Y 2 (Y 2 Z - X 3 ) + tX 5 ) + a X e ) 

«16 = T7 • 



2/ii = 



213 = 
2/13 = 



From these formula, we can determine the coordinate transformation between y»)'s and (uj, Vj)'s. 
For later use, we need only the coordinate transformations near each component Yi. Here we will 
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list up the coordinate transformations only for a neighborhood of each Yj,. 



Y!:{ 01 + 2/2 { yi _ 1 Y 5 



Y 2 : I I y R 



■'■ 1 


_ £22/2 






a l + 2/2 


y\ 


= a>x + 2/2 




= £4 2 2/4 




1 


2/3 






£4 




= ^5 2 2/5 




1 


Vi 






x 5 


x 5 


= x 6 y 6 [ 






2/5 






X6 ( 



xi = x 3 y 3 
1 

•)'3 



x 6 = 


X7 2 V7 




1 


2/6 = 






x- 


x s = 


£9 2 2/9 




1 


2/8 = 






^9 


x 9 = 


Z102/10 




1 


2/9 = 






£10 



19 = xny-i -t- xiij'2/ii 
V ; :<! I r 7 : ^ i <! i 

-< + sen 

£ii = £122/12 f £n = af 13 (— a + £13)2/13 
y 4 : <; ' < 1 Y a :{ 1 ^ 1 

2/5 = — 2/11 = 2/n = ; ■ 

1 + £8 I £12 I, -OO + £13 



Let us consider the sheaf 6s(— logZ?) and the sheaf exact sequence 



— ► v*{®$ =1 N Yi /s) — > e s (-logL>) <g> N D — >G D ®N D — ► 0. 



We will analyse the edge homomorphism 



a : H°(ei, ® tvd) — ► ff x (^(©f =1 iv yi/ s)) (4) 



by using the Cech cocycles. 

Noting that v is a finite morphism, and &r> <8> ~ i/*(©f_]0y- 4 (— ij)) ® iVo where ij is the 
number of intersections of Yj with other components, we see that 



H {D,® D ®N D )~H {D,v*{®*= l ® Yi {-t i ))®N D )~C & . (5) 



For each i (1 < i < 8), we introduce a generator #j of the cohomology group in (0) as follows. 
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07 



-l+a 1 x 3 d 



V3 



^onC/snn 



1 9 

2/4 9^4 



c/ 4 ny 2 } 



el = on j/ 8 ny 4 



^Ljp- on c/ 6 ny 4 , 

2/6 dx 6 *' 



6*9 = Qn n y 010 = ^ti^ia 9 Qn £/ n y 

Xq OVq ' j ' ' < J/10 t?XlO U ' 

on C/n H Y 7 



Xq 

9? - 1 



2m Sxii 



an = i^ii 9 on[/lin y 8 , ^ 2 = -^onE/ 12 ny 8 , 



en 92/ii 

2/13 



^ 3 = -^^jon^ 13 nr 8 



On the other hand, for each i (1 < i < 8), we have a generator 6 H 1 (Y i} N Yi /s) as follows. 



?7i 


{nl 2 = o on Ui n (7 2 n y, rtf 3 = ^ on ^ n t/ 3 n y} 




{% 34 = ^on[/ 3 n [/ 4 ny} 


% 


{% 45 -^ on ^n c/ 5 ny 3 } 




{r?f = on [7 5 n U 6 n y, ryf = ^onf/ 5 n C/ 8 n y 4 } 




{»?f 7 = -^oncr 6 n t/ 7 ny} 


% 


{% 89 = i4 0n ^ n ^ ny «} 




{»# 10 = on U 9 n t/ 10 n Y 7 , ^ii = _i__|_ on ^ g n f/n n r? j 


V8 


13 = ^ 9I1 on ^ii n ^3 n Y ^ 4 2 13 = o on c/ 12 n u 13 n y 8 } 
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We take {#,} and {r]i} as basis of H°(<9d ® Nd) and ©f^-H" 1 (N Yi / m) respectively. 



By using these bases, we compute the matrix representing the connecting homomorphism 8. 
For that purpose, let us lift 0-cocycle 0\ to 0-cochains of ©s(— log I?) © No as 

ai ~ a i+2/i d rj q2 a i+V2 d ~ 3 -l + ai x 3 d 

0i= — on ?7i, 9{ = — on U 2l Of = -— on /7 3 , 

xi dyi x 2 dy 2 y 3 dx 3 

9\ =0on[/j (i = 4,5,--- ,16). 
Other 0-cocycles can be lifted in a similar way. 



We first compute 5{9i). 

From the definition of 6, we have S(6i) = {S(8i)ij on Ui (~l Uj (~l D} with 



J(fll)l2 = (^-fl 1 1 )|y 1 - 



oi + 2/2 9 -ai 9 



x 2 dy 2 xi dyi 

r/n \ (a ~3 f -l + aix 3 d -ai+yi d \ 

0(fl)l3 = (#1 - ^l) Yi = ~ 

V 2/3 o«3 £i 02/1/ 



ai 9 

Yi 2/2 9x 2 



2^3 9y 3 



„34 

— a — ^2 

x 4 dy 4 



Other <5(^i)ij's are zero. 



Obviously {<5(#i) 34 } - {% 34 } = m- 

In order to see that {5(6i)i 2 ,S(9i)i 3 } = -2r)i, wc set t = \ti — --£-,t 2 = -gf^,r 3 = aigf^} 6 
C°(JVyi/5)- 



1.2 = "I 5 

13 l + cna; 3 9 



^ 1 ) 12 + 2r ?1 12 = ^^- = r 2 -r 1 
2/2 ox 2 



0(6*1)13 + 27?! = -— =r 3 -ri 

2:3 02/3 

This implies {5(^1)12,^(^1)13} + 2r?i = 5r. Then we have S(9i) = -2r)i + 7] 2 . 

Other 6(0i)'s can be treated in a similar way. In what follows, we just list up the results of 
computations. 



o 8{9 2 ) = 771 - 2772 + r)3 



6(6 2 ) 12 = 6 2 2 -6$\y 1 =0-0 = v 1 i 

6(62)13 = 9~i -4 = -r-o = % 13 

2:3 dy 3 

Id Id „ 1 d 



S(9 2 ) 3i = 91- 9I\ Y2 = ^ -g- = -2-£- = -2 % 34 

y 4 0x4 x 3 dy 3 a; 4 dy 4 

1 d \ Id 



y t dxi J x 5 dy 5 



12 
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o 8(6 3 ) = m- 2 % + m 



xa dy 4 x 4 dy 4 

s(o 3 ) i5 = e}- e~i\ Y3 = --/-- - -2-/- 
^ 3 ) 56 = 0§ - 0fk = - f--^-) = 



-2r? 3 45 



WB8 = ^-fi|k =0- - 



2/5 , 

1 9 

2/5 dx 5 



dy 6 



Set {r 5 - 0,r 6 = * t 8 = 0} g C°(AV 4 /s). 



5(^3)66 - nt = ~ = T 6 - T5 

<5(0 3 ) 5 8 -v? = --£----S- = o = T*-n 

x s oy& x s dy s 



Thus we have {<5(0 3 ) 5 6, 6(03)58} = ??4- 



o 5(0 4 ) = ??3 - 2?74 + r/5 + % 



s(9 4 ) 45 = ei-eju 



5(9 4 U = 81 - 8l\ Yi 



1 - 2/5 d 
1 — x 6 a 



1 a _ 

x 5 dy 5 
1-1/5 9 



45 



1 — x 6 9 



y 6 9a; 6 x 5 dy 5 x 6 dy 6 

0{O4,) 5S —V 4 - O4 \Y 4 ^ 7— 7TT- 

y 8 ox s x 5 dy 5 x 8 (l + x s ) dy s 

i-x 6 d _ 1 9 

2/6 9a; 6 x 7 dy-i 5 
5(0 4 ) 89 = 6% 9l\ Y6 = - (—-£-) = = % 89 



<5(0 4 ) 



y 8 <9x f 



2:9 <9y 9 



{t 5 = -^r.re = -^,7* - 0} G C°(7V y4/s ). 

56 _ 1 -X 6 9 



(5(04)56 + 27?f 
<5(0 4 ) 5 8 + 27?f = 



xe dy 6 
1 a 



x 8 (l + xs) dys 
Thus we have {<5(0 4 )56, <5(04)5 8 } = —2774. 



T6 - T 5 



= T 8 - T5 
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O 6(65) =T)4- 2r] 5 



S(9 5 ) 



56 



et - el 



5\Yi 



1 <9 

x& dy e 



s(e 5 ) 58 = 0f-0fk = 0-0 = 
1 d 



s(8 5 ) e7 = ei - ei\ Y5 = f £- - [ ~ ) = 2I A 



= - 



1 a 



1 a 

2^6 <9j/ 6 



J/7 <9x' 

Set = a^' 7 * = 0,r 8 = 0} e C (AV 4 /s). 



J__<9_ 

<9y 6 



«6 % 



x 7 dy 7 



S(9 5 ) 56 - r\l 



56 



= T 6 - T 5 



5(05)58 - = - 



Thus we have {5(0 5 ) 56 , 5(0 5 ) 58 } = m- 



d 



x s (l + x$) dy s 



= T S -T 5 



-H 7 



o (5(6*6) = f] 4 




= ol-ei\ Yi = o 



9 5 6 \y 4 = - 7r - 

2^8 9?/ 8 

1 a 



^6)910 = C-^|r 7 = 0- 

0fk = o- 



9 6 ) 9 ii = C 







-0 = r?f 




1 a 




2^8 #2/8 
1 <9 \ 


d 


2/9 9x 9 J 

1 (9 \ 


dyio 
1 d 


2/9 ^Xg / 


xu dyn 



,8!) 



Set {79 = 0,no = aL,ru = 0} g ^(JV^). 



5(06)910-??? 10 



9 



^7 



5(0 6 ) 9 n 

Hence we have {S(6 6 ) 910 ,S(d 6 ) 911 } = r/ 7 . 



<9?/io 
= Tii - 7g 



7"10 - 7"9 



o S(9 7 ) =% - 2?7 7 + r/ 8 



5(07)89 = ^"^k = 



Xg (9j/g Xg dyg 



5(07)910 = 0|° - 0}\ Y7 = 
5(07)9 11 =0 7 X -0?k 7 = 
5(07)lll2 = 7 2 - 7 1 k 



89 
= % 

*2/9 d 



t + x w d 

2/10 <9xi Xg dye, 

1 (9 l + fyg d 



2/ii 5xn 



Xg 



5(0 7 )ni3 - 7 3 - 7 1 |y 8 =0- 



_1 <9 

2/ii 9a;ii 
_1 <9_ 

2/ii dxi 



t + x w (9 

a;io dy w 
t - 2xn d 

dyg xu(-t + xn) dyn 
d 

= q = ??1112 

<9?/l2 

1 (9 



2;i3 5y 



13 



- « 1113 

— Vs 
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Set {r 9 = t^,no = -3^,r u = 0} e C^/s). 

i + xio d 



S(6 7 ) 9W + 2r 1 9 7 10 
£(#7)911 + 2^ 11 



xw dy w 

t d 



x\i{t - xn) dyn 
Hence we have {£(#7)910, £(07)911} = — 2r] 7 . 

o 6(0$) = ri 7 - 2rj s 

5(9 8 ) 91 o = ef-ei\ Yr = o-o = r, 9 7 10 

xra \ -all a9\ _ 1 + a o^n d n-™ 911 

0(08)9 11 — #8 — ^8 I — 1 — U — T} 7 



= TlO - Tg 

= T11 — Tg 



£(#8)ll 12 — ~ ^8 |y s 



£11 %11 

a Q + X12 d 1 + a yn d a + x X2 d 



£(0 8 ) 



11 13 



2/12 dxi2 xii dyn x 12 dy\ 2 

l 3 i u Id 1 + OoJ/n d -a + 2a;i3 d 

= #8' - 08 \Y R = " 



yi 3 dxi 3 xu dyn xi 3 (a - x 13 ) dy 13 

Set {rn = ao^m = ^,r l3 = 0} e C°(AV 8 /s). 



£(0. 



s)lj 12 "I" 27711 12 



£(0 8 )lll3 + 2^ 113 = 



-ao + X12 d 

X12 dyii 
a d 



xi 3 {a - xi 3 ) dyi 3 
Hence we have {£(0 8 )n 12, £(0s)n 13} = -2?78- 



Tl2 -Tn 

T13 - Til 



Summing up all the computations, we see that the matrix of the linear map £ is given by 





-2 


1 




















\ 




1 


-2 


1 
























1 


-2 


1 
























1 


-2 


1 


1 





















1 


-2 
























1 





-2 


1 
























1 


-2 


1 




V 




















1 


-2 


/ 



Since it is well-known that this matrix coincides with the intersection matrix ((1^, ^j))i<i,i<r °f 
type E$, this completes the proof of Proposition 2.1. □ 



4. Local cohomology of generalized Okamoto-Painleve pair of multiplicative 

TYPE 

Let (5, Y) be a generalized Okamoto-Painleve pair as in §[2]. 

For a pair (S, Y) of additive type, the result of §0 shows the existence of differential equations 



on S - Y (cf. MSTTH ), Even for (S, Y) of multiplicative type, if dimH})(O s (- logD)) > 1, we 
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can derive a differential equation in the same way as in [STT]. Unfortunately, we can prove 
Hp(Os{— log-D)) = {0} for a pair (S,Y) of Ag. (For other multiplicative types, we expect that 
Hjj(Qs(— log-D)) = {0}.) This means that, for a pair (S,Y) of multiplicative type, there is no 



differential equation on S — Y in the sense as in [ BTT ] . 

In this section, we will calculate the local cohomology group _ff^(9s(— log-D)) of pair (S, Y) of 
A 8 type. 



Construction of (S, Y) of Ag type 



Now, we consider (S, Y) of Ag type as an example of multiplicative type. 
According to [3akai|, any Ag-surface is obtained by blowing up P 2 at the following 9 points given by 




(0,1), 
= (0,6), 

= (0,c). 

Moreover there exists a C x -action on the family of surfaces by 

(/", (b, c, [x : y : z])) h-> (n 3 b, n~ 3 c, [fix : fT x y : z\). 



Pi:(l:0:0)^ 2 :(-,^)=(0,0)^ 6 :(-,^ 

\x z) \x z z 



p 3 :(0:0:l)^p 4 : (^,- 
\z y 



(0,0)<-p 5 :(2,f? 

z y z 



/>-■■")■■ 1:1';- P g 



y x 



, n n > , x yz 

(0,0) ^p g : 

y x 



By putting t = be, we can normalize this description. 

We can choose the following coordinate system of As-surfaces St parameterized by t. 



16 
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Ui 

u 9 

Ui 



SpecC[xuyi] = C 2 (i = 0, 1, 
1 



SpecC 
SpecC 
SpecC 
SpecC 



XiiVii 



t + X 9 
1 



1 + X 

Ul2,«12 



1 



i + ?il2«12 
1 



= C 2 -{t + x 9 = 0}. 
= C 2 - {1 + x t = 0} (i= 10,11). 
* C 2 - {t + u 12 v 12 = 0}. 



1 + UiVi 



= C 2 - {1 + u iVi = 0} (i = 13, 14). 



where t G C > 
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Y 


= {xq 


= o,yi 


-0}, 


Y 2 


= {xi 


= 0,y 2 


= 0, 2/g = 


= 0}, 


Y 3 


= {x 2 


= 0,2/3 


-0}, 


Y 4 


= {X3 


= 0,y 4 


= 0}, 




Y 5 


= {Xi 


= 0,2/5 


= 0,y w = 0}, 


Y 6 


= {x 5 


= 0,2/e 


-0}, 




Y 7 


= {x e 


= 0,V7 


= 0}, 


Y s 


= {X7 


= 0,t/ 8 


= 0,2/n 


= 0}, 


Y, 


= {xa 


= 0,2/o 


= 0}, 













s t = \J u i: 



i=0 

9 

Y = ^F i; D = Y ' 

i=l 

S t -Y t = U 12 U U 13 U Uu. 
For later use, we need only the coordinate transformations near each component Yj. Here we 
will list up the coordinate transformations only for a neighborhood of each Yj. 

xo — xi 2 yi [ X\ — X 2 y 2 [ Xi — Xg(t + Xg)yg 
Yi : { 1 Y 2 :{ 1 { l_ Y 3 : 

yo = — I 2/1 = — yi = 77" — 7 

Xi { X 2 \ (t + Xg) 




x 3 = x 4 2 2/4 [ i4 = x 5 y 5 f 14 = £io (1 + £10)2/10 

Yi -.{ 1 Y 5 : { 1 { 1 Y 6 : 

yi = — I 2/4 = — I 2/4 = , - ; 

£4 I £5 l (l + Zio) 

£6 = £7 2 2/7 ( x 7 = X82/8 f £7 = zn(l + £11)2/11 

Y 7 : { 1 Y~ 8 : <^ 1 < 1 Y 9 : 

1 2/6 - — I 2/7 = — I 2/7= 7— 7 

£7 I x$ { (l + rrii) 

This gives a generalized Okamoto-Painleve pair (S t ,Y t ) of type A$. 

Proposition 4.1. Let (S t ,Y t ) be as above and set D t — {Y t ) re d- 
If —teC is not a root of unity, then we have 

H 1 Dt (e St (-logD t )) = 0. 

Remark 4.1. We expect that, if —t is a root of unity then (St, Y t ) is of fibered type. 
Proof. From the diagram 



1 I 

0^ Q s (-\ogD) — ► e s (-logD)®O s ((n-l)D) — > S (- lo gj D) ® JV (n _ 1)D 

II I 1/i 

0^ 6 s (-lo gj D) — > e s (-lo gj D)«.O s (nZ?) — > 9 s (-log^)®iV„ D ^0 

I I 

9 s (-logL>) ® 7V®« ~ coker^ 

I I 
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we obtain the exact sequence 

o — > e s (- log d) ® N {n _ 1)D — > e s (- io g £>) ® 7v nD — > e s (- io g r>) ® jv® n — ► o. 

Therefore, we have the following sequence for each n > 2. 

— > ff (6 s (- log I?) © iV (n _ 1)I3 ) — > H°(Q S (- \ogD) © iV nB ) — > H°(Q S (- \ogD) © N$ n ). 
If H°(G S (- logD) © iV®") = for any n > 1, then we have 

ff (e s (- \ogD) © JV (n _ 1)2J ) ~ H°(0 S (- logD) © JV n0 ). 
Since H°{e s {~ log I?) © 7Vr>) = 0, we have 

i?°(e s (-log J D)®iV„ I5 ) = (n>l). 

Therefore, noting that (cf. 

Hi(5, 6 S (- logD)) = limi/ (e s (- lo gj D) © jV n£ >), 

we obtain 

ffi,(5,G s (-lo gj D)) = 0. 



Now let us calculate H°{Q S (- log£>) © 7V® n ). 
Recall that we have the exact sequence 

— ► i/*(©? =1 iV n ) — ■+ 8 s (-logL>) ®N D -^e D ®N D — > 0, 

where v : D — ]Jj =1 — > D is the normalization map (Lemma 2.1 (Q)). Tensoring this sequence 
with N% n ~ x , we obtain 

o — ► ^(®ti^) © aT -1 — > e s (- iogz>) © N® n e D © N® n — > o. 

Therefore we have 

ff°(D,i/»(©? =1 iVy i )®iV® n - 1 ) -f fl°(Aes(-logD)®JVg n ) ^H°(D,e D ®N$ n ) 

ffHA^eLiAVJ®^" -1 )- 

In As case, we see that = 2, where tj is the number of intersections of Yi with other compo- 
nents. From this, we obtain 

Q D s ^(ef =1 e y< (-ii)) ~ ^(©f =1 o n (2 -ti)) ~ ^(©f =1 o y< ). 

Since v is a finite morphism, we have 

H l (D, M®LiNyJ © - 1 ) ~ iPp, (ffi? =1 AVJ © ^(iV®"" 1 )) (t = 0, 1), 
H°{D,Q D © iV® n ) ~ flOp.i/^e^Oyi) © iV® n ) ~ # o 0D, (©f =1 OrJ © i>*(iV® n )). 

Note that Z? • Y$ = 2 — tj = 0, we see that Nn\Yi — Oy i . Therefore we have 
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Summing up the arguments above, we obtain 

— » H°(e s (-logD)®N® n ) — ► ®t 1 H (Y i ,O Yi ) -L> ®UH\N Yt ) 

II II 

c 9 c 9 . 

We will analyse the edge homomorphism S by using the Cecil cocycles. 
Noting that 

H°(e D ®N$ n ) ~H°(Q Yi (-2)®N® n ) -c 9 - ( 6 ) 

For each i (1 < i < 9), we introduce a generator 6*^ of the cohomology group in (ph as follows. 



01 






1 


[ 01= it+X9 ^ yS a 9 X9 on U 9 nY 2 


1 


&3 


ie\= -i\^ d onC/ 2 nr 3 , e%= * 3 nfl 9 onU 3 nY 3 \ 


04 


(fl3= w w « onC/ 3 nr 4 , ^1= Z\£ on[/ 4 nr 4 l 


05 


1 


f o\ - (1 ~* 4) > 1 on u 4 n y 5 , 01 - {X5 ~ 1] y a d on u 5 n F 5 , ] 

0ri° = -jj-r — L,/- on £7io n r 5 


> 


06 


{*S = « n ^ n Y 6 , 0% = -(-l)"^^ on f/ 6 n F 6 } 


07 




08 


1 


' el = (-i) nL ^^4;onU 7 nY 8 , el = -(-ir^^^ onU s nY„ } 


1 


09 


(fq - K\ £ on ?7 8 n Y 9 , 02 - 9 on c/ n y 9 ) 



On the other hand, for each i (1 < i < 9), we have a generator ^ e H 1 (Yi, N Yi /s ® iV® n 1 ) as 
follows. 
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R ^V^ onf/ ° n[/inyi } 


m 


{v¥ = ^TT^k 011 Ul n u * n r2 ' % 29 = o on t/ 2 n u 9 n y 2 } 


m 




m 


R ^4 onf/ 3n^ny 4 } 


V5 


R = afj on u 4 n f/ 5 n y 5 , 4 10 = o on u 5 n c/io n n} 


m 


R - ( i)" 4 on [/ 5 n[/ 6 nr 6 } 


V7 


R ( l ) n ^y^0 V7 onU^ U 7 nY 7 } 


m 


{t?| 8 = (-1)"-^^ on u 7 n t/ 8 n y 8 , % 811 - o on c/ 8 n f/ n n y 8 } 


m 


R ^:-^ nc, ° n M 



We take and {rji} as basis of H°(@ D ® iV® n ) and e^^H^/s ® iV®"" 1 ) respectively. By 
using these bases, we compute the matrix representing the connecting homomorphisn 5. 
For that purpose, let us lift 0-cocycle 9\ to 0-cochains of 0s(— logD) <g> No as 

#i = -r — on Uq, 0\ = — — on U\, 

XoVo d Vo XiVi dxx 

§\ =0on[/j (i = 2,3,--- ,14). 
Other 0-cocycles can be lifted in a similar way. 



We first compute 5{Q\). 



From the definition of 5, we have S(6i) = {S(6i)ij on Ui n Uj PI D} with 



9 ~\ , „ 19 12 



\ x 1 y 1 dxij y 2 dy 2 

8(6i) w = -e\ + 6\\ Y2 = -0 + = r,f 
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Other 5(6i)ij's are zero. 

Obviously 5(0i) = i] 9 — 2r\\ + r/ 2 . 

Other S(9 i ) , s can be treated in a similar way. In what follows, we just list up a few results of 
computations. 



o 5(0 2 ) = m - 2772 + (-t) n T] 3 



5(6 2 )oi =-0 2 +6l\ Yl = 

m)i2 = -6\+oi\y 2 

5(62)29 = -6l + §l\ Y2 



-0 + 



(i-t yi ) n yi d 



XiVi dy! Xl x™ 1 y" 1 d yi 



5(6 2 ) 



23 



+ 02 3 h 



(i-t yi ) n yi d 

(x 2 -t) n x 2 d 
x^yZ dx 2 

(x 2 -t) n X 2 3 



+ 



(x 2 -t) n x 2 d 

x^yl dx 2 
1 



rfi' ( Vl =0onU 1 nY 1 ) 

(x 2 - t) n d 



d 



x 2 x n 2 -\l- x 8y 2 
1 



d 



x 2 y 2 dx 2 J dx 2 



(t + zg)™- 1 ^ 1 dx 9 J x 9 (t + x^-^- 1 dy 9 



: dy 3 



Set { Tl = ^y^r 1 - 2 ^,^ = fcg|-,T 9 = 0} e c°(7V y2/M ^iv^ 1 ). 



5(0 2 )i2 + 2r/ 2 12 = 
5(0 2 ) 29 + 2r?f = 
Thus we have {S(0 2 ) 12 ,6(6 2 ) 2 g} = 



x 2 2/2 

(x 2 -t) n did 

+ 2 — = -Tl + T2 



1 a 

— ; ; — 1 „_i n = -r 2 + T9 

-2r? 2 . 



^(^3) = ^j»»?2 - 2?7 3 + m 

5(e 3 )i2 = -6l + 6}\ Y2 = -0 

5(63)20 

5(6 3 ) 23 = -6l + 6l\ Y3 =- 
5(6 3 ) 34 = -6~l + 6~l\ Y4 = - 

l-(l-tyi) 



2/2 9 J/2 9 



x%yj} dy 2 

2/2 O 



x 2 y 2 dy 2 



x 2 y 2 dy 2 
V2 d 



+ 



d 



x 2 y 2 dy 2 
x 3 d 



x 3 y 3 dx 3 



x 3 d 
x 3 y 3 dx 3 

+ 



x%(t + x 9 ) n y%- 1 dy 9 



= -2- 



d 



xsx 3 1 y 3 dy 3 

9 -n 34 
— Vi 



Set {n 



n-l 



D 



(-t) n x 2 x^- 1 y 2 1 - 1 dy 2 ■ 



5(0 3 )i2 - 



1 OQ 1 £ 



J/2 9 



(-*)» 
1 a 



5(03) 



29 



("*) 

Thus we have {5(03)12,5(03)29} 



29 



(-*)■ 



arg(t + ar 9 ) n »9~ 9 2/9 
r?72- 







= -Tl + T 2 



-T2 + T 9 
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Summing up all the computations, we see that the matrix of the linear map S is given by 



Since 



we see 





-2 


1 




















1 


\ 




1 


-2 


(-*)-" 



























(-*)" 


-2 


1 



























1 


-2 


1 



























1 


-2 


1 



























1 


-2 


1 



























1 


-2 


1 



























1 


-2 


1 




V 


1 




















1 


-2 


/ 



detS = 



((-*)" - 1) S 



rank S = 



9 ( — £ is not a root of unity) 
8 (— t is a root of unity). 
Therefore, if —t is not a root of unity, then 



H°(B s (-iogD)®N® n ) = o. 



□ 
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